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Some aspects of the functor K2K2K2 of fields
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Abstract. We review connections between the group K2 of a field and
universal central extensions, quadratic forms, central simple algebras, dif-
ferential forms, abelian extensions, abelian coverings, explicit reciprocity
laws, special values of zeta functions, and special values of L-functions.
No proofs, minimal bibliography.

1. The birth of K2K2K2 [11,15,31]

It was in 1956 that A. Grothendieck had the idea of assigning to every scheme
X a group K(X); the letter K stands for Klassen, and indeed the elements of
K(X) are equivalence classes of certain objects associated to X. The need for
such a group arose in his generalisation of the Riemann–Roch theorem of
F. Hirzebruch from complex analytic geometry to a relative version in abstract
algebraic geometry.

Let us recall the defintion of this group when X = Spec(A) is an affine
scheme, i.e. the spectrum of a commutative ring A. Isomorphism classes of
finitely generated projective A-modules form a commutative monoid M whose
law of composition is given by taking the the direct sum. There arise in prac-
tice a number of morphisms from M into commutative groups; Grothendieck
defined K(X) — also denoted K(A) in this affine case — as the universal object
amongst them. Thus, K(A) is simply the group of differences of the monoid M,
just as Z is the group of difference of the monoid N; it is a powerful invariant
of the ring A. For example, when A is the ring of integers in a finite extension
of Q, the torsion subgroup of K(A) is the group of ideal classes of A. When A
is a field F, the rank or dimension gives an isomorphism K(F) → Z.

H. Bass realised that a pre-Grothendieck construction of
J. H. C. Whitehead — the quotient of GL(A) = lim GLn(A) by its derived

129


