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Abstract. We study basic properties of Milnor’s multiple gamma func-
tions. Moroever, we introduce new multiple sine functions from these
Milnor’s functions and show the difficult special values of the Dirichlet
L-functions can be expressed by these functions.
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1. Introduction

In [11], Milnor formulated a construction of multiple gamma functions as

���r(x) = exp
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)
(1.1)

for integers r ≥ 1, where ζ(s, x) = ∑∞
n=0(n + x)−s is the Hurwitz zeta

function. We call ���r(x) the Milnor multiple gamma function of depth r . The
classical gamma function �(x) is essentially given by ���1(x). Actually, we get

���1(x) = �(x)√
2π
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