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A rank two zeta and its zeros
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Abstract. This is an integrated part of our on-going study about high
rank zeta functions for number fields. We here give a detailed account of
these zetas when the rank is two. In particular, we show that all zeros of
them lie on the central line Re = 1/2.

Introduction

Theory of zeta functions plays a central role in arithmetic. In this paper, we
use a new approach to study them. More precisely, we first reveal an intrinsic
relation between higher rank zeta functions and Epstein zeta functions, and
expose a fundamental relation between stability of lattices and distances of
the corresponding modular points to cusps. Applying to rank two, we then
explicitly express the associated zeta functions in terms of Dedekind zetas.
Based on such an expression, finally, we show that all zeros of rank two zetas
are entirely sitting on the critical line whose real part equals to 1

2
.

As such, this work is built up on classics of number theory. Many fine
pieces of algebraic and analytic number theory are beautifully unified under
our zetas:

1) New Geo-Arithmetic cohomology for lattices over number fields, by fur-
ther developing Tate’s fundamental work, known as Tate’s Thesis;

2) A definition of new zeta functions for number fields, as a natural gen-
eralization (and hence offering a natural framework) for the classical
Dedekind zeta functions;

3) A relation between our zeta and Epstein type zeta functions, via the well-
known Mellin transformation;

4) A classification of lattices first according to their volumes and unit twists,
in connection with an intrinsic relation between GLn and SLn over a
number field K using Dirichlet’s Unit Theorem; and hence a relation
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