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A trace formula for finite upper half planes
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Abstract. In this paper, we prove a trace formula for finite upper half
planes Hq. A brief outline is as follows: Fix a subgroup Γ ⊂ GL(2, Fq).
The adjacency operators Aa act on functions in L2(Γ\Hq); thus, we may
consider AΓ

a = Aa|L2(Γ\Hq). We prove a trace formula which is an equal-

ity between a weighted sum of the traces of the operators AΓ
a and a sum

over the conjugacy classes of Γ. The trace formula allows us to compute
the trace of AΓ

a . We compute the trace formula for the subgroups Γ = N
and Γ = K of GL(2, Fq).
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1. Introduction

Before outlining the results of this paper, we first review finite upper half
planes.

The Poincaré upper half plane

H = {x + iy | x, y ∈ R, y > 0}
has a finite analogue: Let p be an odd prime, q = pr with r ≥ 1, Fq be
the finite field of q elements, and δ be a non-square element of Fq. The finite
“upper” half plane is defined to be

Hq = {x + y
√

δ | x, y ∈ Fq, y �= 0}.
A good reference about finite upper half planes is [18]. The smallest finite
upper half plane, H3, is shown in Figure 1, where δ = −1, and y =

√
δ =√−1.
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