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1. Introduction

There are many useful analogies and relations between algebra
and topology. The most obvious example is that of a polyno-
mial algebra over a field, the algebraic analogue of a Euclidean
space. Let us cite another instance of one such analogue viz.

‘Projective Module’ over a commutative ring and ‘Vector
Bundle’ over a topological space. In fact these two are closely
related as follows.

Let X be a compact Hausdorff space and let C(X) denote
the ring of real valued continuous functions on X. Let E —
X be a (topological) real vector bundle over X. If P is the
C(X)-module of all continuous sections of E over X, then
P is a finitely generated projective module over C(X) and
in fact this leads to a bijective correspondence between the
isomorphism classes of topological real vector bundles over X
and the isomorphism classes of finitely generated projective
C(X)-modules (see [Sw] for details).

In view of the above correspondence, results on vector bun-
dles on X get easily translated into corresponding (algebraic)
results on projective modules over C(X). Unfortunately the
class of rings of the type C(X) is very special. Hence one can
ask whether there exist purely algebraic analogues of known
results on topological vector bundles for projective modules
over arbitrary commutative (noetherian) rings, at least in the
case rings are nice say smooth affine over a field.

In this article we will highlight some results in the area of

projective modules which give a partial answer to the above

query.

2. Projective Modules Over Smooth Affine Varieties

Let us begin by recalling the definition of a projective module.
Let Abe acommutative ring. A finitely generated A-module

P is said to be projective if there exists a finitely generated

A-module Q such that P
free A-module of rank n.

Q A" where A" denotes the

It can be shown very easily that if the ring A is local (i.e. hav-
ing only one maximal ideal) then every projective A-module
is free. Using this fact, one can define the rank of a projective
module (in a manner analogous to the rank of a vector bun-
dle) over an arbitrary ring. The following result is an algebraic

analogue of a well known result from topology (see [S]).

Theorem. (Serre). Let A be a commutative noetherian ring
of (Krull) dimension d. Let P be a projective A-module of rank
> d. Then P splits off a free direct summand of rank 1 i.e.
P A Q

The theorem of Serre immediately tells us that, over aring A
of dimension d, a projective module Q with rank Q > d has a
decomposition Q = A" P, where rank P = d. In particular
if d = 1 then every projective A-module is a direct sum of
a free module and a projective module of rank 1 and it can
be shown that such a decomposition is unique. So henceforth
we assume that d > 1. The following example shows that the

result of Serre is best possible in general.

Example. Let A = R[X,Y,Z]/(X>+ Y2+ Z?> — 1) be the
coordinate ring of real two sphere. Let X, Yy, Z denote images
of X, Y, Z in A respectively.

Let P be the kernel of the surjection a : A> —— A, which
is defined by

ae) =x,a(e) =y, a(es) =z.

Then P is a projective A-module of rank 2 = dim(A) such
that A P A=A A2

Since P “corresponds” to the tangent bundle of the real
two sphere S2, if P splits off a free direct summand of rank
1, then the tangent bundle would have a nowhere vanishing
section, which is known to be false as its Euler class is not

zero. The Euler class is a topological invariant associated to an
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orientable vector bundle over an orientable smooth manifold.
This association is such that if the rank of the vector bundle and
the dimension of the manifold are the same, then vanishing of
the Euler class is a necessary and sufficient condition for the
vector bundle to have a nowhere vanishing section. In view of

this, it is natural to ask:

Question. Let A be a commutative noetherian ring of dimen-
sion d and P a projective A-module of rank d. Can one attach
an invariant to P (analogous to the Euler class) the vanishing
of which would ensure that P splits off a free summand of
rank 1?7

To tackle this question, we now restrict ourself to a class of
rings namely, coordinate rings of smooth affine varieties over
the field k which will be either the field C of complex numbers
or the field R of real numbers.

Recall that an affine variety X k" is defined as the set
of common zeros of finitely many polynomials in n variables
over k. We always assume that X is not empty. The totality
of all polynomials vanishing on X forms an ideal | (X) in the
polynomial algebra K[Xi, ..., Xu]. The quotient ring A =
K[X1, ..., Xp)/1(X) is called the coordinate ring of X and
the (Krull) dimension of A is called the dimension of X. The
affine variety X (equivalently A) is said to be smooth if every
maximal ideal of A is locally generated by d elements where
d = dim(A). If A is smooth and k = R, then X is a smooth
real manifold in the Euclidean topology with finitely many
connected components.

In this setup, one associates to A an abelian group CH((A)
called the Chow group of zero cycles. In brief, CHy(A) is
the free abelian group on maximal ideals of A modulo certain
relations.

Let P be a projective A-module of rank d = dim(A). We
associate to P an element Cy(P) (called the top Chern class
of P) belonging to the group CH((A) as follows.

By a reduced generic surjection we mean a surjection d :
P — J where J
ideals of A. It can be shown that P has plenty of reduced

A is a finite intersection of maximal

generic surjections. Let P —— J be one such surjection and
let J =

image of

i—; M; (M;: maximal ideal). It can be shown that
{:1 [m;] in CH((A) is independent of the choice
of the reduced generic surjection.
We define C4(P) to be the image of the cycle
CHy(A).

{:1 [mj]in

In the definition of CHy(A), relations are so designed that
P A Q Cyq(P) = 0. So it is natural to ask: Does
Cyq(P) = 0 imply P
state a result of Murthy ([Mu]).

A Q? In this connection we now

Theorem. (Murthy).
smooth affine variety X of dimension d over C. Let P be a pro-
Jjective A-module of rank d. IfCq(P) =0thenP A Q.

Thus, if A is a smooth affine domain over C and P is a

Let A be the coordinate ring of a

projective A-module of rank = dim (A), then the “top Chern
class” of P is a nice algebraic analogue of the topological
notion of “Euler class” of a vector bundle. However, if A is
the coordinate ring of an even dimensional real sphere S?" and
P is the projective A-module corresponding to the tangent
bundle of S" (see the above example in the case r = 1) then
it can be proved that the top Chern class Cor(P) = 0. It is
a well known result from topology that the Euler class of the
associated vector bundle (namely tangent bundle) is not zero.
This underlines the fact that if the base field is R then “top
Chern class” is not sufficiently good analogue of “Euler class”.
To overcome this deficiency, Nori associated a subtler invariant
to P (calledits algebraic “Euler class”) and posed the question:

Does P split off a free summand of rank one if its (algebraic)
Euler class vanishes?

The precise definition of the algebraic Euler class is rather
technical and therefore we omit it. However we would like to
mention that Bhatwadekar and Raja Sridharan have answered
the question of Nori affirmatively (see [B-RS]). In view of
the result of Bhatwadekar- Raja Sridharan and the example of
the tangent bundle of an even dimensional real sphere, it is of
interest to investigate the following question: If the base field
is R, under what further restrictions vanishing of top Chern
class of P would imply that its (algebraic) Euler class is zero
A Q)?

We conclude this article by quoting the following result

(equivalently P

which answers the above question (see [B-D-M]).

Theorem. (Bhatwadekar-Raja Sridharan-Das-Mandal).
Let A be the coordinate ring of a smooth real affine variety X
of dimension d. Assume that the manifold X is connected. Let
P be a projective A-module of rank d such that the top Chern
class Cq(P) of P is zero. Then P A Q in the following

cases.

(I) The manifold X is not compact.
(II) The manifold X is compact and d is an odd integer.
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Moreover if X is compact and d is even then there exists a
Sfamily of projective A-modules P of rank d with C4(P) = 0
butP A Q.
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Symmetric, Quasi-Symmetric Designs and Strongly
Regular Graphs

Sharad S. Sane
Department of Mathematics, University of Mumbai, Vidyanagari
Santacruz East, Mumbai 400 098

This article is in the general area of combinatorial configura-
tions. Which combinatorial configurations are more interest-
ing (than some others) and why is that so? How are they linked
to each other? This is the theme that we will apply to designs,
graphs, codes, groups etc. In between, we will also look at how
other branches, especially linear algebra help in the study of
combinatorial configurations. We also draw on other areas in
particular, number theory. The author has felt that it is neces-
sary for a serious worker in combinatorics to know about other
branches.

Combinatorial Designs first appeared in the mediaveal liter-
ature mainly as puzzles. We will dwell on this theme somewhat
later during the course of this talk. In the twentieth century,
Combinatorial designs, mainly in the form of constructions
were first looked at by statisticians. Specifically a designs or a
2-design has the following definition. By an incidence struc-
ture, we mean a triple, consisting of the set of points, the set
of blocks (a block is nothing but a distinguished subset of the
point-set) and the incidence (a point belongs or does not belong
to a block). Since the blocks are incomplete and generally not
repeated, every block may be simply viewed as a subset of the

point-set. An incidence structure is called a design (balanced

incomplete block design or a 2-design) if every block has a
constant size K, which is strictly less than v, the number of
points, and any two points occur together (are commonly con-
tained in) the same number A of blocks. If v is the number
of points, b the number of blocks and r the number of blocks
containing a given point, then such a configuration is called
a (v,b,r,k,A\)-design or sometimes also called a (v, k, A)-
design. Let N denote the (point-block) incidence matrix of a
design D. Then the property of constant row and column sums

on N produces the following two equations:

Av—=1)=rk—1)
vr = bk

while the fact that the rows of N are linearly independent yields
the Fisher’s inequality v < b, i.e., the number of points is less
than or equal to the number of blocks. Further if D is a design
with v = b, the incidence structure in which blocks are points
and points are blocks is also a design with the same parameter
set (v, k, A) (this is called the combinatorial dual of the given
design). A design with v = b is called a symmetric design.
There are two classical families of symmetric designs which

we briefly mention. Let H denote a Hadamard matrix of
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order 4t. From such a matrix one can construct an incidence
matrix of a (v,k,A) = (4t — 1,2t — 1,t — 1) symmetric
design which is called a Hadamard symmetric design. We have
already seen the special example of Fano plane. In general,
we can look at a projective space of dimension 2 over GF (q)
and declare its points as points and its lines as blocks of a
symmetric design. This is called a projective plane and has
parameters (9> + ¢ + 1,q + 1, 1). This construction works
for every prime power . More generally, we may take an
n-dimensional projective space over GF (q) and declare its
points as points and its hyperplanes as blocks of a symmetric

design. This is called a projective design and has parameters

n+l_1 n__ n—1 _
V=—q ,k:q 1'}\=q 1
q—1 q—1 q—1

For the reasons of structural symmetry and better connections

with group theory, symmetric designs are objects of consid-
erable interest. Many constructions of symmetric designs are
known. The existence question for Symmetric designs is the
question of constructing a (0, 1)-matrix satisfying the matrix
equations given above. Algebraic number theory has been
employed in order to answer this existence question and the
relevant seminal result is called the Bruck—Ryser—Chowla the-
orem . Unfortunately, it works only in one direction. That is,
it provides us with only a necessary condition which, may not
be sufficient. For example, it is not known whether there is a
projective plane of order twelve but it is known, thanks to the
Bruck—Ryser—Chowla theorem that : If q is the order of a pro-
jective plane such that g = 1, 2(mod 4) then q is a sum of two
integer squares. In particular, there are no projective planes
of orders ( such that ¢ = 6(mod 8). An extensive search for
almost 200 hours on the fastest CRAY computer available then
proved in the late 1980s that there is no projective plane of
order ten. There have also been a large number of new con-
structions of new symmetric designs in recent times. Based,
in terms of ideas, on an earlier work of Dinesh Rajkundlia,
Ionin in the last decade constructed new families of symmetric
designs many of which were open questions for a long time.
About 23 infinite families of symmetric designs are known.
However, all the known examples of symmetric designs seem

to be only of the following types:

e When A = 1, we have a projective plane of order q with
parameters (> + q + 1,q + 1, 1). These exist for every

prime power (. No other examples are known.

e When A = 2, we have a biplane with parameters (%, k,2).
These are known to exist for the following values of k:

3,4,5,6,9, 11, 13. No other examples are known.

e When A = 3, all the known examples have K bounded
by 15.

e When A = 4, all the known examples have K bounded by
A2+ A

The known situation led to the following informal conjecture
attributed to M. Hall.

M. Hall’s conjecture: A = 2, there exist only finitely many
symmetric (v, K, A).

Stronger: A = 4, k satisfies k < A> + A.

We now switch our attention to a new concept. Recall that
aregular graph  of degree K is a simple graph in which every
vertex has degree k. The graph ~ with n vertices and regular
of degree k is called a strongly regular graph with parame-
ters (N, k, &, ¢) if we have two more constants a and ¢ such
that

e If x and y are adjacent vertices then the number of vertices

commonly adjacent to both of them is a.

e If X and y are non-adjacent vertices then the number of

vertices commonly adjacent to both of them is C.

The Petersen graph P is a graph on 10 vertices is an exam-
ple of a strongly regular graph and has parameters (10, 3,
0, 1). This graph is also a quotient of the graph of the 1-
skeleton of a regular dodecahedron. For graphs, we have an
adjacency matrix A which is a square matrix of order n with
entry 1 at (i, J)-th place iff the i-th and j-th vertices are
adjacent and O otherwise. Notice that A is a real symmetric
matrix and hence must have real eigenvalues. For the adja-
cency matrix of a strongly regular graph, we have the matrix
equation: A>—(a—c)A—(k—c)l =cJ.Since isconnected
and regular of degree K, the other eigenvalues can be read off
from the above matrix equation and they satisfy the quadratic

equation:
x?—(a—c)x—(k—c) =0. (%)

It was shown by Shrikhande and Bhagwandas that a regular
and connected graph  is strongly regular iff it has exactly two

eigenvalues besides the degree of regularity.
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Some interesting questions: In a gathering of n people every
two persons have exactly one common friend. The Friend-
ship theorem then asserts that there is a person who knows all
the rest (and the corresponding graph is the windmill graph).
Moore graphs are characterized by @ = 0 and ¢ = 1. Here we
neither have triangles (because @ = 0) nor 4-cycles (because
¢ = 1) but have a very large number of pentagons. The count-
ing equation produces N = k? + 1 and the only possibilities
are K = 3 when the graph is the Petersen graph, k = 7 and
n = 50 and we get the Hoffman-Singleton graph. There is also
one more possibility: K = 57 but the existence of a graph in
this situation is still an open question.

Take a design D, not necessarily symmetric. An integer X is
called a block intersection number of D if we have two blocks
X and Y the cardinality of whose intersection is X. Which
numbers occur as block intersection numbers of a design?
Thanks to the proof of Fisher’s inequality, we see that D
has exactly one block intersection number iff it is a symmet-
ric design. A design with two block intersection numbers is
called a Quasi-symmetric design. Reasons for studying quasi-
symmetric designs are many. A mundane and practical reason
is that symmetric designs are more difficult to study (this is
not completely true but sometimes believed to be so). On a
more serious level quasi-symmetric design allows one to con-
struct its block graph which in most cases of interest can be
shown to be strongly regular. Finally quasi-symmetric designs
are connected with combinatorial configurations arising out of
finite simple groups. Here is a class of examples. Let D be a
point-block incidence structure constructed from P G(n, q), a
projective geometry of dimension n over a field with g ele-
ments by taking as points the points of the geometry and as
blocks the subspaces of codimension two (where n = 3). There
are other classes of examples particularly the affine geometries
(where X = 0) There is also a classical object called the Witt
design on 23 points which is associated with the Mathieu group
My3 on 23 letters. A lot of reseach work in the area of quasi-
symmetric design stems from the linear algebra of its inci-
dence and adjacency matrix. The later turns out to be a strongly
regular graph and this paves way for further analysis of these
designs.

A topic that we did not look at so far is that of coding theory.
Coding theory initially began as a helper to information the-
ory in the sense that ‘good codes’ made it possible to correct

large number of errors. To be in the theme of this talk, a code

C is a vector subspace of the vector space F". Here F is the
field with two elements. A codeword z in C has weight w(z)
where z = 71,2, ... ,Z, and W(z) equals [{i : z; = 0}|. The
weight enumerator of C is a polynomial in formal variables X
and y that counts the number of codewords of a given weight.
Obtaining weight enumerator (and hence the weight distribu-
tion) of a code C is an important question of mathematical
coding theory. This study is facilitated by the use MacWilliams
identity which gives the weight enumerator of the dual of a
code C in terms of the weight enumerator of C. Note that being
in the situation of finite fields, we do have the possibility that
C C andeven C = C . This puts severe restrictions on
the dimension of C. Any binary matrix N gives rise to a code
C by taking C to be the linear span of the rows of N. So the
game is as follows: Beginning with a putative design D, along
with its incidence matrix N we make a code of the design,
derive some results on its weight enumerator and sometimes
can even rule out the existence of D itself due to the incon-
sistencies! This has been employed to rule out the existence
of a large number of putative parameters of both symmetric
and quasi-symmetric designs. Specifically, looking at a puta-
tive projective plane of order ten, M. Hall was able to obtain
a reasonable information on the code of such a configuration
and Assmus was even able to show that the minimum weight
of such a code is 11 and the codewords of minimum weight
are precisely the rows of the incidence matrix N. This finally
led to the proof of non-existence of a projective plane of order
ten. Codes have also been used to construct some nice com-
binatorial configurations. For example, the Golay code G»3 is
a perfect code in which words of minimum weight 23 carry a
quasi-symmetric design called the Witt design.

For about 100 years people have been trying to find new
finite simple groups. Classical examples of finite simple groups
are the alternating groups on n letters for all n = 5 as also the
groups PSL(n, q) for n = 2. All such classical finite groups
are called the groups of ‘Lie type’ and the other examples
of finite simple groups are called ‘Sporadic Simple groups’.
The first example of a sporadic simple group was constructed
by Mathieu when he gave constructions of 5 sporadic simple
groups. The next example took 100 years to get constructed
and it was the discovery of Higman-Sims group. Over years
many sporadic simple groups were discovered and by 1980, it
was announced that the ‘Classification’ of finite simple groups

is complete and we have only 26 sporadic simple groups. As
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such structure of finite simple groups is quite complex. Such
simple groups contain a large number of copies of smaller
simple groups that are, of course, not normally embedded. As
an example, it is a curious fact to know that besides the six
routine copies of As the simple groups Ag also contains 6 other
copies of As that are different in their group action, that is, have
a different combinatorial action. This curious fact gives one of
the constructions of the Hoffman-Singleton graph discussed

earlier.
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1. Introduction

The number line is foundational to present day mathematics,
and in a broader way it is a major marker of the progress of
human civilization. From the early beginnings of counting on
fingers we have come a long way, developing a system with
which one can grasp the intricate laws of the physical universe.

The path however has been quite tortuous. From natural
numbers, especially their infinitude, fractions, the zero, nega-
tive numbers have each been a big conceptual stride, taken over
long historical periods. The difficulty in a concept like fraction

being grasped in full by the human mind may be realised if

Text version of the “T. B. Hardikar Memorial Lecture” given
at S.P. College, Pune, on 25 August 2007

one recalls how a significant proportion of our students have
difficulty in adding them. The ancient Indian civilization con-
tributed greatly to the rise of zero; it was however not invented
one fine day by some sage, as popular imagination would
have it, but had a long and chequered history involving several
ancient civilizations [8]. Negative numbers must have been
lurking in the background for long. But a systematic approach
to them appears for the first time in the work of Brahmagupta
(589-668).

Notwithstanding some lacunae, various ancient civilizations
may be said to have had a general understanding of fractions,
or what we now call rational numbers, over two thousand years
ago. Going beyond them however posed a bigger challenge.

Indeed, various numbers that we now know to be irrational
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were encountered in early times primarily in various geomet-
ric contexts. The Sulvasutras, which are compositions from the
Vedangas (appendages of the Vedas) describing construction
of various fire alters and various geometric principles involved
in the constructions, contain the following value for the pro-
portion of the diagonal of a square to its side, viz. the square

root of 2, that we write as

1 1 1
1+ -+ - :
3 3x4 3x4x34

(see [13] for an exposition on Sulvasutras.) The period of the
Sulvasutras is difficult to ascertain, but is generally accepted
to be between 800-400 BCE (Before Christian Era), with the
earliest, the Baudhayana Sulvasutra near the early end of it.
A cuneiform tablet (Yale Babylonian collection, No. 7289)
from the old Babylonian period (around 1800-1600 BCE)
shows a square with 1, 24, 51, 10 written across the diagonal;
in the sexagesimal system (with base 60, in the place of 10 that

we use) which the Babylonians used the number stands for

W
60 602 6037

(it also stands for the multiples of the above by powers of 60,
butitdoes n(\)}concern us here). Itis quite striking that the above
values for 2 adopted Vkiy the Sutrakaras and Babylonians
match with the value of 2 upto five decimals, 1.4142156 . ..
and 1.4142129. .. respectively, in the place of 1.4142135. .. .
(These are however unique instances in their respective con-
texts, and what led to the strikingly close values in these cases
is not clear.)

Sulvasutras are also concerned with transforming a square
to a circle (disc) of equal area, and vice versa. For the for-
mer the construction is geometric (and the equality of areas
is approximate). For the latter there is a curious formula pre-
scribing for the ratio of the side of a square to the diameter of

a circle with equal area, the number

1 1 11
1— -+ - =
8§ 8x29 8%x29 6 6x8

As in the case of 2, the actual number involved here is irra-
tional, and the value represents an approximation, adopted
for practical purposes. The ancient Egyptians also concerned
themselves with the area of a circle, which they took to be
(8/9)? times the square of the diameter [7].

The first systematic approach going beyond the ratio-

nals was introduced by the Greek mathematician Eudoxus

of Cnidos (400-347 BCE), known as the Eudoxus’s theory
of proportions. In geometry, which was their main strength,
the Greek mathematicians encountered magnitudes of lengths
which they recognised to be “incommensurable”. They had
philosophical reservations about treating these magnitudes as
numbers. Nevertheless they had a theory for the magnitudes,
akin to the present day concept of real numbers. According
to Eudoxus’ theory ratio of magnitudes a and b is equal to
that of magnitudes ¢ and d if for positive integers m and
n, ma > nb we also have mc > nd (see [3], page 89).
If we choose ¢ and d to be unit magnitudes this reduces to
that a and b are equal if ma > nb for all positive inte-
gers m, n with m > n. (Perhaps it calls for some explana-
tion why one defines equality, whereas the relations < and >
are being assumed. In this respect, without going into details
let me only mention that this has to do with verifiability
of the statements in terms of known, i.e. “commensurable”,
magnitudes.)

Crystallisation of the idea of real numbers was however to
wait for over two thousand years. With the rise of calculus, and
the idea of infinitesimals, in the seventeenth and eighteenth
centuries the intuitive sense of continuity of the number line
caught hold. Since the number line was now seen as being
“continuous”, arigorous way to “fill in” between rationals was
needed. An elegant definition of real numbers fulfilling this
need was introduced by Dedekind in 1858. The idea involved
is that for a real number as we conceive it intuitively, the col-
lection of rational numbers less than that is a characteristic fea-
ture of the number. Taking this into account Dedekind defined
real numbers as partitions (L, U) of the set of rational num-
bers, with the property that forany rin L andsinU, r <s;
((L, U) being a partition means that L and U are disjoint sets
of rationals which together cover all rationals). Skl}:h a parti-
tion is called a Dedekind cut. Thus for example 2 is to be
thought of (by definition) as the Dedekind cut (L, U) with L
and U subsets of rationals consisting of {r | r < 0 or r*> < 2}
and {r | r > 0 and r? = 2} respectively. A rational number ¢
may be thought of as the Dedekind cut into {r | r < g} and
{rir=aq}

One can then extend the operations of addition and multi-
plication to the set of real numbers so defined, in a natural way
(that the reader is encouraged to find for oneself). Furthermore
it can be verified that every positive real number has a positive

square root, cube root etc.
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Dedekind’s definition greatly facilitates verification of arith-
metical statements about real numbers This \/1s drg\nqatrsed in
the title of [7]: Dedekind’s theorem: 2 X 3= 6.While
this may seem facetious (as the statement seems obvious) it
may be noticed that writing a rigorous argument poses a vari-
ety of problems, including the matter of definition itself, which
are readily taken care of by Dedekind’s approach. The reader
is referred to [7] for a discussion on how various ways thinking
of real numbers through various systems of labelling, such as
decimal representation or continued fractions (these we shall
discuss below) do not lend themselves to the possibility of
proving the simple t\h/aorem \7 above. For example, the dec-
imal expansions of 2 and 3 are infinite, there is no way
to write what the product of two numbers expressed in this
way (since as we go down the decimal places the products of
the corresponding digits would in general exceed 10, and keep
calling for alteration in the digits in earlier places in a never
ending way).

There are of course alternative possibilities for construct-
ing the number line. The real numbers can also be thought of
as limits of Cauchy sequences of rational numbers. However
since different Cauchy sequences can have the same limit, an
individual real number needs to be thought of as “equivalence
class” under an equivalence relation which identifies two such
Cauchy sequences {an} and {b,} of rational numbers if the
difference a, — by, tends to 0. This can indeed be converted
to a definition of real numbers and the arithmetic operations
on real numbers can be introduced through them. The idea of
considering equivalence classes as elements is however a late
nineteenth century stratagem, that came into vogue long after
Dedekind cuts. Besides even today the Dedekind cuts pro-
vide an alternative which is simpler in various ways. On the
other hand the idea of using Cauchy sequence as above has
other applications, such as for instance in constructing what

are called p-adic numbers, for any prime number p.

2. Approximating Real Numbers by Rationals

We normally view the number line as being “uniform”, looking
the same everywhere, so it would seem there is no “structure”
to speak of, and the title of the article may seem confusing.
With some reflexion it would be clear that the intuitive sense of
uniformity is the consequence of the fact that we always think

of it in terms of equal subdivisions, say in terms of decimal

expansion, binary expansion etc. This uniformity is of course
in terms of analysis. It is however superposed, and need not
be viewed entirely as constituting the structure of the number
line. Recall that the number line was constructed from ratio-
nal numbers, by filling in more numbers in between. In the
equal subdivisions as above all rationals do not feature. To
think of the structure we may think of how numbers get filled
in between rational numbers, or in other words how the real
numbers can be approximated rational numbers. This would
involve all rational numbers rather than binary or decimal ratio-
nals. I will discuss various results on approximations. This
aspect is what I have referred to in the title as the fine structure
of the number line.

Before going into what I mean, let me recall what are called
Farey fractions. A Farey fraction of order K is a rational num-
ber g between 0 and 1, with q < k. We shall consider these
arranged in the increasing order. The first five rows are as
shown below; (we shall write all the fractions are written in

the reduced form).

0 1
1 1
0 1 1
1 2 1
0 1 1 2 1
1 3 2 3 1
0 11 1 2 3 1
1 4 3 2 3 4 1
0 11 1 2 1 3 2 3 4 1
1 5 4 3 5 2 5 3 4 5 1

It turns out that the entries in each successive row may be
obtained by inserting the fractlon between consecutive
entries 0 o and g of the previous row, whenever n + q does not
exceed the number of the row being written down. This gives
an alternative definition of the Farey fractions in the successive
rOWS.

The Farey fractions have interesting properties; see [9] for
instance. If and are successive entries in the k the row,
then np — mq = 1 and n + g = k + 1. Now consider any
real number a between 0 and 1 and let % and % be successive
entries in the K th row such that m =0 < E Then either
%Sa<%or%<a<q,
this implies that either [o —

and together wrth the above

or |a —

l - (k+1)n | - (k+1)q‘

Thus we have the following.
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Theorem 2.1. Let O be a real number between 0 and 1 and
% be the Farey fraction of order K at least possible distance
from A. Then

Pt

q (k+1)q

As a consequence we get the following:

Corollary 2.2. Let O be an irrational real number. Then there
exist infinitely many rational numbers g such that
a-P <1
q

This does not hold for rational a; if a = T the inequality as
above can hold only for g with q < n, which are only finitely
many. Note that when there are infinitely many rationals satis-
fying an inequality they provide closer and closer approxima-
tion of A satisfying the restriction on the denominators.

Better approximations are possible through the study of
“continued fractions”. We briefly recall here the concept and
some properties of continued fractions; the reader is referred
to [9] and [11] for further details. Let a be a real number. If
0 is not an integer it can be written as Mgy + uil with a; > 1.
Now unless 0 is an integer it may be written as m; + alz with
0, > 1, and the process may be repeated, until either we reach
an integer, or indefinitely. It can be seen that the former hap-
pens if d is a rational and the latter when @ is irrational. Thus

any irrational number O can be written as

mo +

where mg is an integer and mg, K = 1 are positive
integers, and every rational number has such an expan-
sion which stops at some K. To avoid writing the cum-
bersome, though illustrative, expression as above we shall
denote it by [mg, my, ..
by [mg, my, ..

., M, ...]. Similarly we shall denote
., Mg] the analogous but terminating expres-
sion (omitting the part after my in the above expression. If
Mo, My, ...
shall denote [mg, My, ..

, My, ...]1is the representation as above for 0 we
., My] by 0k, which is a rational num-

ber. A crucial thing is that the sequence 0Oy converges to O; this

is what makes it meaningful to express O as above (otherwise
the infinite expression makes no sense by itself). The expansion
as above is called the continued fraction expansion of . Con-
versely, given an integer My and positive integers My, k = 1,
the expression as above is the continued fraction expansion of a
unique irrational number 0. Note that unlike decimal or binary
expansions, the continued fraction expansions of numbers are
intrinsic, and do not depend on any ad hoc choice of basis.
The numbers my as above, associated with o, which we shall
henceforth take to be irrational, are called partial quotients
and the rationals O as above are called the convergents of 0.
The 0k, k = 1 are best approximations for d in the sense that
ifag = % then Oy is at least as close to O as any rational with
denominator not exceeding Qx (namely any Farey fraction of
order (), when 0 < a < 1. We thus have, by Theorem 2.1

o — %| < L. Conversely, if % is a rational for which the

a4’
slightly stronger approximation |0t — §| < 2qL2 holds, then it is
necessarily one of the convergents of d. The following theorem
due to Hurwitz is proved using properties of convergents of

continued fraction expansions.

Theorem 2.3. Let O be an irrational number. Then there exist

infinitely many rational numbers g such that

a-2 <l

q 502
Up to here the approximability properties are seen to be
shared by all irrationals alike. However when we look for
sharper\}elations this no longer holds. It turns out that for
a = (5 — 1)/2 analogous statement does not hold if :Lg

replaced by a smaller constant. Same is the case for numbers
ma+n

pa+q’
g integers such that mq — np = 1. However, but for these

equivalent to it, namely of the form

with m, n, p and

exceptions, for all other a the constant can be improved to
J—g. Then there is another number o such that the constant
can not be improved any further for the numbers equivalent
to it. Curiously the pattern repeats, and the constant can be

improved to %% for all others, and then again to % for

all but one more set of equivalent numbers, and so on; see [2]
/5 /13
2217 15177

analogous fashion, and tends to % . The numbers in the sequence

for details. The sequence av%, 3%, .. continues in

are called Markov numbers after A. Markov who discovered

the phenomenon, in 1879. It may be noted that in view of the

above, in particular, given ¢ > 1 for all but countably many

irrationals a, there are infinitely many rationals % such that
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|a— §| < % It turns out that % is the smallest value for which
this holds.

There is considerably more general theory on this topic; see
for instance the recent paper [1] and the references suggested
there. We will however end the general discussion here and

move on to describing some extreme cases of interest.

3. Numbers with Exceptional Approximability
Features

A real (or complex) number O is said to be algebraic if it
satisfies a polynomial equation of the form road + r;ad~! +
<+ rg—a +rq =0, where g, ..., g are rational numbers,
not all 0; when @ is algebraic the smallest possible d for which
there is such an equation satisfied by a is called the degree of
0. A number which is not algebraic is called transcendental.

In 1844, Liouville proved the following theorem.

Theorem 3.1. Let O be an algebraic irrational number of
degree d. Then there exists ¢ > 0 such that

C
a-P =&

q q

for all rationals g

As a consequence it follows that if d is a number such that
forevery d = 1 there exists a rational g such that o — g | < q—{;,
then a is transcendental. It is quite easy to produce O with this
property; consider for example the sum of the convergent series

T 27K Numbers with the above property are called Liou-
ville numbers. It can be seen that they provide an uncountable
collection of transcendental numbers.

Notwithstanding the fact that there are uncountably many
numbers satisfying it, the condition for Liouville numbers is
viewed as very strong. A following less demanding condition
has attracted much attention in literature. An irrational number
is said to be very well approximable (VWA for short) if there
exist > 0 and infinitely many rationals g such that

a2 < q%
It turns out that even this degree of approximability is “rare”
for real numbers. One way this manifests is that the Lebesgue
measure of the set of VWA numbers is 0. This means that

a “randomly picked” real number (e.g. a number whose

binary expansion is a random binary sequence) would not be
VWA.

Some questions involving higher dimensional analogue of
this condition have been the subject of some recent research of
D. Kleinbock and G.A. Margulis, and it may be worthwhile to
recall one of their results here. A n-tuple (ay, ..., Oy) is said
to be VWA if there exist

integers (q, - - .

> 0, infinitely many n-tuples of
, Un), and suitable integers p such that

[giay + Qo + -+ - + QO — P <

1
@i, ..., g0+

(Here |(Qy, - - ., 0n)| stands for “norm” which may be taken
as |qq| + - - - +|qn].) For n = 1 this coincides with the notion
of VWA number as above. The work of Kleinbock and Mar-
gulis [10], involving some very modern techniques, shows in
particular the following: Let n = 1 and fy, ..., f, be poly-
nomials in one variable, say t, such that for any real numbers
dp,a;...,an, notall 0, a9 + a;f; + - + a,F, is a nonzero
polynomial (i.e. 1, fy, ..., f, are linearly independent poly-
nomials). Then for “almost all” t the n-tuple (F;(t), ..., Fn(t))
is not VWA. The work established a longstanding conjecture
of Sprindzuk, which in turn was inspired by an earlier conjec-
ture of Mahler, from 1932, in the case i(t) = t' as above.
We now come to a kind of behaviour which is at the other
extreme. An irrational number d is said to be badly approx-
imable if there exists 8 = 0 such that for all rational numbers

P we have

q

P 28
q @

It may be noticed that by Liouville’s theorem recalled above
quadratic irrationals, namely irrational numbers which satisfy
a quadratic equation, are badly approximable. Interestingly,
badly approximable numbers can be completely characterised

in terms of continued fractions:

Theorem 3.2. An irrational number 0@ = [mMg,My,...,
My, . .. ] is badly approximable if and only if my’s are bounded,
namely there exists M such that mg < M for all k.

The quadratic irrationals which form a part of badly approx-
imable numbers consist precisely of a = [mg, my,...,
My, ... ] which are “eventually periodic”’, namely there exist
positive integers p and Ko such that my+p = my for all k = k.

Like the VWA numbers the badly approximable numbers

also form a set of Lebesgue measure 0. It was however proved
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by Jarnik that they nevertheless form a large collection in terms
of “Hausdorff dimension.” We will not go into the definition
of Hausdorff dimension here, but content myself to say that it
is a nonnegative number, which need not be an integer, which
captures a sense of how large a set (strictly speaking a metric
space) is. Jarnik’s theorem asserts that the Hausdorff dimen-
sion of the set of badly approximable numbers is 1, same as
that of the number line itself, even though in general for sub-
sets of the interval the number can be smaller than one.

Another sense in which the set is large was introduced by
W. M. Schmidt. It depends on an idea of a two-person game
and it would be my pleasure to recall it here, together with
some results on its significance.

Consider the n-dimensional Euclidean space R", for some
n = 1, with the usual distance. (The game may be thought
of on any complete metric space as well.) A and B are two
players, and they are respectively assigned two numbers 0 and
B (strictly) between 0 and 1. A sample procedure for the game
proceeds as follows: B chooses a closed ball in R", say By, with
positive radius, say ry. Then A chooses a closed ball, say A; of
radius r; = ary, contained in By. Then it is the turn of B again
and he is to choose a closed ball B, of radius 3r; contained in
A,. The game continues in this way with A and B taking turns
in making choices: after k = 1 iterates B would have chosen a
closed ball By of radius a*B¥r, contained in Ay—; and then A
will choose a closed ball of radius a**'B¥r, contained in By.
As the radii of {Ax} and {B} are decreasing to 0 and the balls
are contained within each other as above, it follows that there
is a unique point of intersection, viz. N{°Ax = n°Bx = {v},
withv  R". A subset S of R" is preassigned, and the player A
will be considered the winnerif v S and B will be considered
the winner if v / S (notice though that it involves infinitely
many steps, unlike in a practical game, but the idea of winning
or losing makes sense). Given the objective that the common
point of intersection should be in S, A will try to choose the
balls Ay, during his turns, so as to ensure that. On the other
hand B will try to choose the balls By during his turns to avoid
that happening. Now the question that concerns us is whether,
given the set S, A has a “winning strategy”, namely a way to
choose the balls Ag during his turns, following the procedure
as above, in such a way so that no matter what balls B chooses
during his turns (within the rules of the game) the point of
intersection will be in S (so as to be the winner). Notice that

whether this is possible for the given S may also depend on

the given o and 3. If for S there is a winning strategy for A for
given values 0, B we say that S is an (0, B)-winning set (for A -
we will consistently suppress this part in the discussion below).
For certain 0, B there may be no proper subset of R" which is
a winning set; indeed this is the case if | —20+af < 0, as can
be readily proved. In particular if a > % then for sufficiently
small f > 0 there is no proper subset which is an (a, 3)-
winning set.

It stands to reason that the winning sets (for any a, 8) have
to be “large sets”. Firstly S has to be dense in R", since other-
wise B can choose By to be outside S, in which case A can not
win. Also it can be seen that S has to be uncountable since oth-
erwise B can force the points of S out of the chosen balls one
by one (in finitely many steps in each case). The “largeness” of
the winning sets however goes well beyond these simple man-
ifestations. Schmidt showed that the Hausdorff dimension of
an (0, B)-winning set in R" is at least (¢ — nlog 3)/]log ap|,
where C is a constant depending only on n. Let us call a subset
S a winning set if it is a (%, )-winning set for all § > 0 (and
hence (0, B)-winning set for all 0 < a < 3 and B > 0). The
Hausdorff dimension of any winning set is N, the maximum
possible for a subset of R". There is another curious fact about
the winning sets which reflects their largeness: intersection of
any two winning set is also a winning set, and more strongly
intersection of any sequence of winning sets is also a winning
set.

Schmidt proved that the set of badly approximable numbers
is a winning set in real numbers [12]. Let me now conclude
with a generalisation of this that I proved in higher dimensions;
see [4] and [5]; the result was inspired by certain questions in
dynamics of certain flows and the geometry of certain man-
ifolds of negative curvature, which however are beyond the

scope of this article.

Theorem 3.3. Ler {vx} be a sequence of points in R", the
N-dimensional Euclidean space. Let {rc} be a sequence of
positive numbers such that for any distinct K and | the distance
between Vi and V) is at least ~ T¢T)|. Let S be the set of points
V such that for some 8 > 0, V not contained in B (v, 0r), viz.
the ball of radius dry with centre at Vy, for any K. Then S is a

winning set in R".

When n = 1, {v} is a sequence enumerating the rationals,
and g = ql—z ifvg = %, then the set as in the theorem consists

precisely of badly approximable numbers.
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On Thin Subsets of the Real Line
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Abstract. A subset A of R" is called thin if it has zero Lebesgue measure, is nowhere dense and has Hausdorff dimension equal

to n. Examples of thin subsets of R" are well-known when n = 2. In this note, we construct an example of a thin subset of R.

1. Introduction

Hausdorff measures and Hausdorff dimension play a signif-
icant role in Geometric Measure Theory. For instance, it is
possible to distinguish between two measure zero sets by their
Hausdorff dimension; and, the critical Hausdorff measures
can further distinguish between sets of same Hausdorff

dimension.

In practice, the actual computation of the Hausdorff dimen-
sion and Hausdorff measure of a set can be quite involved and
it would be of interest to find some general methods. In [13],
W. M. Schmidt introduced the notion of (0, 3)-games and of
O-winning sets in a complete metric space and showed that
o-winning sets in R" have maximal Hausdorff dimension. He
used this method to prove many interesting results and, in par-

ticular, he showed that the set of badly approximable numbers
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in the real line is an O-winning set implying an older result
of V. Jarnik that the set of badly approximable numbers has
Hausdorff dimension equal to 1. Schmidt game approach has
proved to be very useful in certain geometric situations also
and has been employed, for instance in [2], [5], to show the
maximality of Hausdorff dimension of certain exceptional sets
of ergodic systems.

However, it is not true in general that sets of maximal
Hausdorff dimension in R" should necessarily also be
o-winning. Examples to the contrary are easy to come by. We
quickly recall Schmidt’s (a1, B)-game for the sake of complete-
ness.

Let X be a complete metric space and let o, (0, 1).
The (0, 3)-game on X is played by two players A and B as
follows: B first chooses a closed ball By in X of radius r where
r R s positive. Then A chooses a closed ball A;  Bg of
radius ar. Then B chooses a closed ball B
r; := Bar. Inductively, after B has chosen a closed ball By of
radius ry, = (0B)*r, k = 1, A chooses a closed ball A+
By of radius ary and B chooses a closed ball By+; of radius

A of radius

rk+1 = Barg. Since limg _, o Fk = 0, and since X is a complete
metric space, Nk=1Ag is a singleton set {x}. AsetS  Xis
said to be an (0, B)-winning set (for A) if for any choices of
S. We say that S is
o-winning if it is (0, B)-winning for every (0, 1).

B, A can always make choices so that X

Clearly, the whole set X is itself a-winning for any o
(0, 1). Schmidt showed that if 1 —2a + a3 < 0, then the only
(a, B)-winning set is X itself. However, if 1 — 2a + o3 >
0, then there can be proper subsets of X which are (a, )-
winning; as mentioned above, the set of badly approximable
numbers in R is an example of this.

It is also clear that an O-winning set must necessarily be
dense in X. Hence, if U is any proper open subset of R" that
is not dense in R", then U can not be 0-winning in R" though
its Hausdorff dimension is equal to n. However, if the (a, B)-
games are played in the complete metric space U instead of in
R" then it is not hard to see that U is an 0-winning set in U for
some o < 1/2 ([2, Proposition 3.3]). Thus, one is lead to the
question of whether there exist subsets of R" of full Hausdorff
dimension which are not a-winning on any open set in R"?
Or, more generally, one can ask the following question:

Are there subsets of R" having zero Lebesgue measure and
Sfull Hausdorff dimension but which aren’t dense in any open
subset of R"?

In [4], Besicovitch constructed closed subsets B of R? of
Lebesgue measure zero which contain unit length line seg-
ments in every direction. Subsets of R? containing line seg-
ments in every direction are known to have full Hausdorff
dimension [7, Theorem 7.9]. In particular, being closed and
having zero Lebesgue measure, Besicovitch sets are nowhere
dense and hence provide examples of thin sets sought after in
the above question. And, when n > 2, subsets BxD"™2  R",
where D"~ is the unit ball in R"2, provide examples of thin
sets in these dimensions.

Since Besicovitch’s construction seems special to dimen-
sion 2, it would be interesting to know if there exist such sub-
sets of R. Call a subset A of R" thin if it has zero Lebesgue
measure, is nowhere dense and has Hausdorff dimension equal
to n. If A is a thin subset of R then A x D""! provides a
new example of a thin subset of R". Newer methods of con-
structing Besicovitch sets have been discussed by others (for
instance, see [1], [7], [7]) but, to the best of our knowledge,
the problem of finding thin sets in R doesn’t seem to have
been discussed; in fact, the notion of thin sets was introduced
in [3] where this problem was mentioned. The purpose of this
note is to show the existence of such sets and describe one

construction.
2. Thin Sets in R

For each k = 3, consider the Cantor type set obtained as fol-
lows: First divide the interval [0, 1] into K equal subintervals.
Remove the second open subinterval. Each of the remaining
k — 1 subintervals are again divided into k equal subintervals
and the second of these open subintervals are removed. Repeat
this procedure infinitely many times. Let Cy denote the set that
remains at the end of this process. Observe thatif K = 3 then Cy
is the usual Cantor’s ternary set. A similar argument as for the
Cantor’s ternary set shows that Cy is closed with (Cy) = 0
where L denotes the Lebesgue measure on R. It can also be

shown, by standard arguments, that the Hausdorff dimension
logk
log(k+1) "

below for the convenience of the reader.

Let dy = % We will show that H%(Cy) = 1. Since

the set Cy can be covered by (k — 1)J intervals of length k™

of Cy is equal to However, we sketch a proof of it

that occur at the jth stage in the construction of Cy, we can
conclude that HY; (Ci) < (k—1)Ik™%J = 1. Lettingj — oo
we get H%(Cy) < 1.
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On the other hand, we will show that for any cover {In}
of Cy by intervals with [In| <3 < 5,  [Im|% =1 (here,
|Im| denotes the length of the interval I,). By adding a length
of 55 to Iy for an arbitrarily small , if necessary, we can
assume all the I,’s are open. Since Cy is compact, there is a
finite subcover, say, I; = (aj,b;),j = 1,2,...,n. Without
loss of generality we can assume a; < a, < -+ < a, and
by <b, <. < by. Choose the smallest integer i; such that
ai, < % < bj,. Then }':l(bj —aj)% = (%)dk.Nextchoosethe
largest integer i, such that a;, < % < bj, and smallest integer i3
such that a;, < % < bj,. Then };iz(bj —aj)% = (&)dk. Note
that big—% < ). Alsosinced < ﬁ wehave i; < ip < i5. Next
choose the greatest integer iy such that a;, < b;, < bj, and
the least integer is such that a;, < % < bj,. Then }5:i4(bj -
a; PR (% — 8)%. Continuing this till we cover 1 we get

o (0 =% = (D% + (D% + (=8 4 (=)
where there are (K — 3) terms of (& —3)%. Lettingd — 0
we get HI(Cy) = %k—] =1.

Now, set Dy = #Ck + zk% for each K = 3 and let
D= 2,D¢ {0} Observethat Dy 5, 75 . We will
show that D is thin. Firstly, p(D) = 2, i(Dx) = 0 since
K(Cx) = 0 for each k = 3. And, since D contains Dy for

k = 3, the Hausdorff dimension of D must be greater than or

1

logk
log(k+1)

left with showing that D is a closed set. To show this, let {X; }
[0, 1].1fx = 5; for

D. Otherwise X 21 , 5%

equal to

for every Kk and, therefore, is equal to 1. We are

be a sequence in D which converges to X
some Kk or x = 0, then clearly x

for some k = 1. Hence X; D+, foralllarge j.But since

each Dy is closed we must have X  Dg+,  D. This com-

pletes the proof that D is thin.
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Abstract. We discuss the classical theorem of Pélya on random walks on the integer lattice in Euclidean space. This is the starting

point for much work that has been done on random walks in other settings. We mention a tiny fraction of this work, and discuss

in detail “random walks” which can be created using trigonometric functions.
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1. Pélya’s Theorem

Consider the integers {...,—2,—1,0, 1,2, ... }. Suppose you
are standing at 0. Flip a coin. If the coin comes up heads, move
to the right by one step. If it comes up tails, move to the left
by one step. Flip the coin again. If it comes up heads, move a
step to the right, if it comes up tails, move a step to the left.
Repeat and continue this process. Must you come back to zero?
Obviously, there is a very
good chance of returning to
zero: the first two flips could
have been head then tail, or
tail then head, and these both
result in a return to zero. So
of the four possible outcomes
in the first two flips, half of

these take you back to zero. So

the probability of returning to

Figure 1. Georg Pdlya

zero s at least % If you further
consider that even if you fail
to return to zero in two steps, that after some subsequent flips
you might make it back to zero, then clearly the probability of
returning to zero is greater than % A natural question arises:
What is the probability of returning to zero? The answer was

given by Georg Pdlya [9] in 1921:

Theorem 1. With probability one, the random walker will

return to zero in a finite number of steps.

Let us show how to prove Pdlya’s theorem. For n =
0,1,2,3,... let uy = the probability that the random walker
is at 0 after n steps. We make two simple observations:
Up = 1 (because the walker starts at 0) and u, = 0 if
n=1,3,5,7,..., that is, the walker cannot be at O after an
odd number of steps.

Forn=1,2,3,..., set T,= the probability that the walker
returns to O for the first time at step n. Set Ty = 0 (being at 0

at step O isn’t really a return) and ¥ =  T,. The probability
that the walker returns to 0 is T, the proga_l;)ility of not returning
is1 —*F.

We now decompose the event that the walker is at O at time
n, n = 1, into first returns, that is, if the walker is at O at
time N, then the walker may be back there for the first time
or may have already visited there previously. This gives the

relations:

u; = fouy + Frug

u, = foup + Fiu; + FLup

Un = Foun + Fiup—y + Foup— + -+ + Fup— + - - - + .

For example, in the expression for Up, the term Fxun—k repre-
sents the probability that the walker returned to O for the first
time after K steps and then returned to 0 in n—Kk more steps. Set

U(S)=U0+U13+U252+...
and F(S)=fo+f15+f232+...

Then

U(s)F(s) = upfy + (uof; +u;Tp)s
+ (Foup + Fuy + Faug)s> + - =U(s) — 1.

Lemma 1. If U, = oo then the probability of returning to
n=0
0 is one.

oo
If U, < oo then there is a positive probability of not
n=0
returning to 0.

N
Proof. Notice that for any N, Up <lims  U(S) so if
n=0
Up = oo, then lims ; U(S) = oo and given the relation
n=0

UG)(1—F(s)) = LthisforcesF = T, =limg ;F(s) =1.

n=0
oo

On the other hand, if Up < oo, then limg ;| U(s) =

n=0
(oo}

Un < oo, which, due to the relation U(s)(1 — F(s)) = 1
n=0

forces fn=1limg ;F(s) <.
n=0
Thus, to determine if our walker returns, we need to com-
pute u, = Usn. (Recall up, = 0 if n is odd.) If this
n=0 n=0

sum is infinite, the walker returns with probability one, if the
sum is finite, there is a positive probability of the walker not
returning.

Let’s compute Upy. In the first 2n steps, there are a total of 22"
different routes which could be taken, each equally likely. How
many of these come back to 0? This is a basic combinatorics
question. Think of two urns, one labeled left and one labeled
right. We want to distribute 2n balls, labeled 1, 2, 3,...,2n
(corresponding to the step number) into these two urns. There

are 3" ways to distribute k into one urn and 2n — kK into the
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other; of interest here is the number of ways to put n balls into
the urn labeled “left” and n into the urn labeled “right”. Any
such distribution of balls corresponds to a route of length 2n
which comes back to 0. Thus, there are 2" routes which lead
back to 0. Consequently,

2nn

22n

To get an estimate of Uy, we need

Uzn

Lemma 2. (St{l}ling’s formula; see e.g. Feller [7] ). As
n - oo, nl= 2mn*ie™",

With this estimate, when n is large,

v__
@2n)! 1 2;(2n)>"tie™ | 1
Un = 35 = Voo iaime 220 YR
(nH22 ( 2mn"*tzen)2 2 n
Therefore, Upyn = oo so by Lemma 1, the walker returns
n=0

with probability one.

2. Many Possible Directions

Pélya [9] also considered random walks in higher dimensions.
Consider the integer lattice in two dimensional Euclidean
space, that is, consider those points with integer coordinates.
Start at (0, 0), and toss two coins to determine whether to
make a step to either (1, 0), (—1,0), (0, 1) or (0, —1). Repeat,
going one more step, either up, down, left or right, with equal
probability. The same question can now be asked: What is the
probability this walker returns to (0, 0)?

An examination of the proof given in the previous section
reveals that the analysis up through Lemma 1 was in no way
dependent on the fact that walker was walking in one dimen-
sion; this fact only entered into the proof with the computation
of Up,. With only slightly more complicated combinatorics,
and again using Stirling’s formula, one can compute that in

dimension two, Uyy, = %, as N — oo, for some constant C.

(o)

Since then Uyn = oo, Lemma 1 implies that the walker
returns withn;_)gobability one.

The situation changes in dimension three. Here, after some
combinatorics and computation, it turns out that U,, = Cn™2
so that by Lemma 1, there is a positive probability of the walker
not returning to the origin. Pélya also showed that this is the

case in any dimension greater than or equal to three.

A very drunken man staggers so as to simulate a random
walk. Thus, Pélya’s theorem implies that if he staggers out of
a bar into a very narrow long alley, he will certainly return to
the door of the bar. Similarly, if he finds himself in the middle
of a large plaza, he will eventually stagger and return, with
probability one, to the center of the plaza. Birds, however,
should be cautioned against drunken behavior, as a drunken
bird has a positive probability of not returning to the nest.

The walks we’ve discussed above are called symmetric ran-
dom walks because at each step, each of the possible direc-
tions to go was equally likely. Going back to dimension one,
let’s consider the situation where we use a weighted coin to
determine the direction of travel. This coin has probability p
of turning up heads (so that the walker goes right) and proba-
bility 1 — p of turning up tails. To determine if a walker using
this coin returns to 0, we reason as before and compute Uyy,.
As before, a random walk returns to zero if there are as many
steps to the left as to the right, so that uy, = p"(1 —p)" 20 .

Here again we may use Stirling’s formula to obtain:

@n)!
(ny?

v_ ,
2}-[ (zn)2n+§ e—2n

n 1_ n e ]
p"(1—p) o Teny

Ux =p"(1—p)"

1
(4p(1 —p)) *ﬁ

If p = ] then 4p(1 — p) < I, hence Uy < oo and
n=0

by Lemma 1, there is a positive probability of the walker not

returning to 0. In fact, 4p(1—p) < 1

exactly when p = % and so Uon
n=0
converges ifandonly if p = % Thus,

the walker returns to the origin with

probability one if and only if p =

%. This is not surprising— a gambler
who continually plays a game with

. . Fi 2. H 1
the odds against him can expect to 1gure cxagona

eventually lose his initial stake. fattice
Other lattices may be considered. Our walker could start
at the vertex of a hexagonal lattice in R?. At each step there
are three possible directions to go; we could consider a walk
where each of these directions is equally likely (it can be shown
the walker will return) or a walk where these are not. In fact,
we could consider a walk on any lattice, regular or not, in
Euclidean space, and ask the same questions. See P. G. Doyle

and J. L. Snell [5] for a detailed study of random walks on
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lattices in R" as well as an excellent exposition of the connec-
tion between random walks and the theory of electrical net-
works.

Another possibility is to consider a sequence of identically
distributed independent random variables X, X3, X3, ....
Setting S| = X1, S; = X +X;,S3 = X +X; + X3,... we
may ask about {S,(w)} for points w in the underlying proba-
bility space. Here the X; may take on discrete values or may
take values in R. In the first case, this allows, say, for walks on
an integer lattice in which the walker may jump several steps
in a single move. In the case where the X; take values in R the
walker may never get back exactly to 0, but we can ask if he
gets arbitrarily close. See K. L. Chung [4] for a treatment of
random walks in this generality.

Consider a group G with a subset S which generates G.
S. The

Cayley graph of G is constructed with vertices the elements of

Assume S has the property thats S implies 57!
G and an edge from X to Y if and only if there exists an element
S S such that x = sy. Thus, the Cayley graph depends on
G and the generating set S (which is not unique). A walker
starts from a vertex of this graph, and at each stage, takes a
step along an adjacent edge, chosen uniformly from among the
adjacent edges with equal probability. What is the probability

the walker returns to the starting point?

3. Return to Polya’s Theorem; Trigonometric Walks

Consider the function

1 ifx [0,3)

f =
*) -1 if x [1,1)

Extend this to a 1-periodic function on the real line, and con-
tinue to call this extension T. Now consider the functions T (X),
f(2x), £(4x), ..., £(2"x), ..., restrict these to the interval
[0, 1) and call the resulting functions ri(x), r2(x), r3(x), ...,
rn(X), .... These are called the Rademacher functions, after
Hans Rademacher who introduced these in a paper in 1922.
With the possible exception of X which are dyadic points,
that is, points of the form X = %, wheren = 1,2,3,...,
i {0,1,...,2"} we may write r,(X) = sgn(sin(2"1x))
where sgn is defined as sgn(X) = 1 if X = 0 and sgn(x) = —1
if X < 0. (The set of dyadic points is countable, hence of mea-
sure zero, and therefore negligible for our purposes. So we

could define the I, either way and obtain the same results.)

Set so(x) = 0, s1(X) = ri(x), s2(x) = ri(x) + ra(x),
s3(X) = ri(x) + rp(x) + r3(x), etc. Take x [0,1). If
X [0,1) thens;(x) = 1,ifx [§,1), then s;(x) = —1.
So for half the x s in [0, 1), s;(X) takes the value 1, and
for half it takes the value —1. Now if X [0, i), then
$(X) = n(x) +rnx) = 1+1=2ifx [§,1) then
() = () +nKx) = 1+-1 = 0ifx [3,3),
then S;(X) = ri(x) +r(x) = =1 +1=0;ifx [3,1)
then Sp(X) = ri(X) + r,(x) = —1 + —1 = —2. Each of these
four cases, occurring on exactly one-fourth of the unit interval,
corresponds to the first two steps of a random walk. Contin-
uing in this way, we have created a model of PSlya’s random
walk on the integers: There is a 1-1 correspondence between
{x [0, 1)] X is not of the form 2’—,,} and the set of random
walks, where X corresponds to the random walk {Sn(X)}=,. In

fact, if you express such an X [0, 1) in binary and change all

0.5 1

(=]
4

025 05 0.75 1

025 05 075 1

025 05 075 1

1 —— —

Figure 3. The functions 'y (X), r2(X) and r3(x).
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the 1s in the binary representation to —1 S and all the O s to
1 s, then s, (X) is just the sum of the first n digits of this string
of —1sand1s.

Thinking in this way, we can rephrase Pdlya’s theorem:

Theorem 2. For a.e. X
1,2,3,...

[0, 1), the sequence sp(X),n =

returns to 0 in a finite number of steps.

Actually, alittle more can be said. Given any integer m, it can
be shown that with probability one, the walker will land on min
a finite number of steps. Thinking now of m as a starting point,
then with probability one, the walker will return to this position
in a finite number of steps. Once the walker has returned, there
is no memory of the past, so now the situation is as if the walker
is starting for the first time. So with probability one, the walker
returns again to M. This continues and consequently, we may

conclude:

Theorem 3. For a.e. X
1,2,3,...

[0, 1), the sequence sp(X),n =

visits every integer an infinite number of times.

Now consider the interval [—Tt, Tt] and the functions sin(X),
sin(2x), sin(4x), ..., sin(2"x), ... and the sums $;(x) =
sin(X), $2(X) = sin(X) + sin(2x), s3(X) = sin(x) + sin(2x) +

n

sin(4x), ..., sn(X) = sin(217'x), ...

J=1

0.51

P

AN 157 157 3.14

1_
/\ 0.5-
f 9
-3.14 -1.%¢7 1.Y7 3/14
—0 A4
1]

AWATAWL
A RYAY

Figure 4. The functions sin(X), sin(2x), and sin(4X) on [—TT, TT].

Given the resemblance of each of the functions sin(2"X)

to rp(X), it seems natural to investigate the “random walks”

{sn(x)}rz, for x

will always be integer valued, whereas sums of the sin(2"x)

[—1, t]. Here of course, sums of the r,(X)

certainly are not. And certainly, for any fixed X, the sequence
{sn(X)} is countable, so it could not visit every element in an
uncountable set such as the real numbers. The correct analogue
to Theorem 3 is that it visits every neighborhood of every point
an infinite number of times, or what is equivalent, the sequence

{sn(x)} is dense in R. In fact, we can be a little more general:

Theorem 4. (Grubb and Moore [8].) Let
n
sh(X) = a;j Sin(an + Gj)
j=1
where the aj, 8j, are real, |aj| < 1 for every J and the n;

Nj+1

are positive integers which satisfy =
J

= A > 1. Suppose also
that  |aj|* = oo. Then fora.e. X

inR.

[—mt, ], {Sn(X)} is dense

Itis easy to verify that the sequence Sy (X) = sin(X), $2(X) =
sin(X) + sin(2Xx), ... discussed above satisfies the hypotheses
of this theorem. Note that we must have  [aj|* = oo; oth-
erwise, the sequence of functions {s,(x)} converges in L and
couldn’t satisfy the conclusion. Previously, D. Ullrich [14] had
shown this result under the assumption that |a;| = 1 for every
j and the proof of Theorem 4 (which we describe below) bor-

rows many ideas from his work.

[ee]

Series of the form a;z" where nj+1/nj = A > 1,
j=0

or their real counterparts such as in Theorem 4, are called

lacunary series, gap series, or often Hadamard series. They

arise in the study of analytic continuation: for example, the

oo .

series z% represents an analytic function on the unit disk
=0

which cannot be extended to an analytic function on any larger

domain. They are also of interest due to the fact, evidenced

by this theorem among many others, that the partial sums
n

ajz" behave like sums of independent random variables
J(w(;lich they are not). In particular, we mention here the central
limit theorems for lacunary trigonometric series of R. Salem
and A. Zygmund [11], the central limit theorem of P. Erdos
and I. S. Gél [6] and the laws of the iterated logarithm of
Salem and Zygmund [12] and M. Weiss [15].
The proof of Theorem 4 is not difficult. A theorem due to
Zygmund [16], vol. 1, p. 205 shows that the set of X where
the sequence {Sp(X)} is bounded above or below is of mea-

sure zero. Thus, fixing an 0 R and an X at which {s,(X)}
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bounded neither above nor below, then for an infinite num-
ber of n (which depend on X) we must have S,(X) on one side
of the real number a and Sp+;(X) on the other; that is, in the
real line the sequence S,(X) crosses O an infinite number of
times. With a little more work it can then be shown that S, (X)
must visit any neighborhood of 0 an infinite number of times.
See [8] for details.

What about such “trigonometric random walks” in higher
dimensions? In analogy to Pélya’s theorem in two dimensions,
we could consider

n
@) = ae™
k=1

where, as above, 2 =\ > 1, a

el = C,and 6 R. (Ifeach
Nk is an integer, each s,(0) is 2T -periodic, so it suffices to
consider 8 [—m,m].) Fix a 0. Each term, axe'™® can be
thought of as a vector, so that 5;(8) = a,e'™® represents one
step of a random walk in C, S(X) = a;e'™® + a,e'™® repre-
sents two steps of a random walk, etc. Two important results
concerning such random walks are due to J. M. Anderson and
L. Pitt [1], [2].
To discuss these we make some definitions. Let € = 0 be

fixed,8 R and suppose that foreachz C

lim inf |sh(0) — z| < &.
n— oo

In this case we say {sh(0)} is €-recurrent. If {S,(8)} is €-
recurrent for almost all 8 then we say {S,} is €-recurrent. If

{sn} is €-recurrent for each € > 0 we say that {S,} is recurrent.

Theorem 5. (Anderson and Pitt [1].) Suppose {NJ}{° is a

sequence of positive numbers such that )‘;‘\:‘ =q>1forall

K. Suppose {ax}e=, is a sequence of complex numbers sat-

oo
isfying {ak} o = supylax] < oo and  |ag|* = oo. Set
k=1
n -
sn(0) = k_1ake')"‘e. Then for € = (qul {ak} o the sequence
{sn} is €-recurrent.

The proof uses tools from complex analysis. For certain

types of sums, more can be said:

n -
Theorem 6. (Anderson and Pitt [2].) Lezsn(0) = gia‘8
k=1
where @ = 2 is an integer. Then {Sn} is recurrent.

The proof of this is difficult and requires complex analysis,

probability and number theory.

None of the theorems 4, 5, 6 can be shown to be best pos-
sible, most likely because they probably are not the best pos-
sible. In [3] J. Bretagnolle and D. Dacunha—Castelle present
an extensive study of random walks created from sums of

independent random variables. Consider partial sums Sp(W) =
n

ax Xk (w) where the Xy are real-valued independent identi-
k=1
cally distributed mean zero random variables. The hypotheses

of their results are too numerous to mention explicitly, but they
make several assumptions on the distribution of Xy and several

technical assumptions of the ayx. Then, under these assump-

n
tions, and if 0, = a
k=1

oo

o=

;7 - oo, they show recurrence

occurs precisely when Gi = oo. (Of course, one needs to be
n

n=1
precise about what recurrence means here: if the Xy are integer

valued and the &, are integers, then recurrence could only occur
in the integers; if the Xy are real valued then recurrence could
be in the reals or in some other subgroup of the reals.) Here’s
a very rough sketch of the proof: By using the central limit
— o 4o(L
I) - On + O(O'n)’

R is any interval, and C; is a constant depend-

theorem, they obtain the estimate Prob(sy
where |
ing only on I. The proof is completed by the Borel-Cantelli
lemma (actually variations of this) and other fairly standard
techniques.

Reasoning in this way gives an idea as to what the correct
version of Theorems 4, 5 and 6 should be in the trigonomet-
ric case, but it won’t give us a proof. Sequences of functions
such as {sin(2“x)} or {€™®} are not independent random vari-
ables, yet as amply illustrated by many theorems, they do
behave much like sequences of random variables. Consider,

n
for example, series of the form s,(0) = ay sin(24719),
I

"2 :
7 A
. k=1

— n
an = O(M) as N — oo. Under these hypotheses the cen-

where the ay are real. Set 0y = and suppose that

tral limit theorem for lacunary trigonometric series of Salem
and Zygmund [11] states that the distribution function of ;—”

n
tends to that of a Gaussian with mean zero and variance one.

Thatis, asn — oo,

n® L T eEa,

m 06 [—-m,m]:
On 2M -

where m denotes the probability measure d0/21 on [—Tt, TT].

So by this central limit theorem, if € > 0, and n is large,

then Prob(| 2| < €) = al%n ;e#dt = 3-% Replace € in

this last equation by 03 - this is, of course, quite incorrect, as
n
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the choice of n large depends on €. Assuming such a step were
correct, we would obtain Prob(|sy| < €) = a%ain which is
analogous to the estimate of Bretagnolle and Dacunha-Castelle

above. Then,

° e <1
Prob (|sn| <€) = *L —,

n=1 n=1 Gn

so that if ” % < oo, then the so-called easy half of the Borel-
Cantelli i]e_rilma (see e.g. Feller [7], Volume 1, Chapter VIII,
section 3) implies that for a.e. X eventually |S,| > €, so that
recurrence doesn’t occur in any neighborhood of 0. Similar
reasoning could then be used to show that recurrence doesn’t
occur at any point of R. If, in addition, the functions sin(2Xx)
were independent (which is another false assumption) then the

Borel-Cantelli lemma (the so-called harder half) would imply

that if c—ln = oo then a.e. X is in an infinite number of the

sets {|Sn_| < €}, that is, recurrence occurs at 0. Again, similar
reasoning could be applied to show that there is recurrence at
any point of R. Of course, this is all specious reasoning, but yet
it seems to lead to some central issues, and gives an indication
what conjectures to pose.

So in the case of trigonometric random walks, there is
still much work to be done. Thus, despite the fact there
are already thousands of papers and dozens of books writ-
ten on random walks, there are still many directions left

to go.
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